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Monoenergetic Neutron Flux from Moments

B. D. GanaprOL

Department of Nuclear and Energy Engineering,
University of Arizona, Tucson, Arizona 85021

Received June 22, 1984; revised October 16, 1984

The solution to the monoenergetic time-dependent neutron transport equation in infinite
spherical geometry with isotropic scattering is reconstructed from moments. By application of
the transformation between spherical and cylindrical geometry, the corresponding solutions is
obtained directly. In addition, the form of the solution allows generalization to the anisotropic
scattering case.  © 1985 Academic Press, Inc.

1. INTRODUCTION

Some time ago, an article appeared in this Journal which was concerned with the
numerical solution of the monoenergetic time-dependent neutral particle transport
equation in infinite spherical geometry [1]. The approach taken was the rather
awkward procedure of considering the Laplace transform as an integral equation
and solving the equation using known transform data obtained from the
corresponding stationary solution. The temporal variable was partitioned into early
and late regimes and an involved least squares fitting procedure was employed to
obtain the desired numerical solution. This ad hoc procedure suffered from several
serious faults. In particular, the process was not automated and required manual
intervention to provide the necessary feedback in order to converge to a desired
accuracy. In addition, the procedure had to be applied separately at each spatial
position and had to be completely redone for a change in scattering cross section. A
comparison with solutions found by discrete ordinates and Monte Carlo methods
indicated a significant discrepancy; and based on an integral measure, the authors
concluded that their solution was the most accurate.

A transform solution expressed as a polynomial expansion in the spatial variable
was also discussed in Ref. [1] but no results of the inversion were presented. In the
discussion, it was indicated that the polynomial expansion did not converge suf-
ficiently rapidly enough for the intended inversion and in some instances (large
values of the transform variable) failed to converge as a result of round off error
accumulation. For this reason, the moment reconstruction technique was con-
sidered to be limited relative to the discrete ordinates and Monte Carlo methods for
generating the time-dependent flux.
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It will be the purpose of this presentation to demonstrate that the method of
moments, if properly applied, is a valid computational technique and can provide
an accurate solution for all time; the method can be easily modified to include
cylindrical geometry and anisotropic scattering. The main feature of the polynomial
expansion is the incorporation of the wavefront, associated with the neutron
motion resulting from a spatially localized pulsed source, directly into the expan-
sion. In addition, the Laplace transform inversion of the required moments will be
performed analytically thus providing a convenient expression to be evaluated
numerically. The numerical solution obtained by the expansion is then compared to
that obtained via the multiple collision approach indicating at least four-place
accuracy at any position for times after the passage of the wavefront. The numerical
evaluation will also be compared to the fitting procedure described above [1], thus
providing a measure of its absolute accuracy.

2. PLANE-POINT TRANSFORMATION

In one-dimensional plane geometry, the most fundamental monoenergetic time-
dependent neutron transport problem is described by [2]

LML PN z‘c)—ffl A’ §P(x, s £¢) - 8(x) 6
a1 Fox e BO)=5 ] APT(x ) +50(x) o)

¢ (x, pu, 1;0)=0, 1<0 (1)

lim ¢°(x, i, t;¢c)=0.

Jx| = o0

Isotropic scattering is assumed and a source at x =0 emits neutrons isotropically
at time t=0. The time 7 and position x are measured in terms of mean free time
and mean free path, respectively. ¢ is the number of secondary neutrons resulting
from a collision. In the following, only the case ¢ =1 will be considered since [2]

d(x, u, t;¢)=ce " Vg(cx, p, ct; 1)

and the dependence on ¢ will be suppressed. From the well-known plane-point
transformation, which holds even for anisotropic scattering [2], the scalar flux,

#r.0=] " dudtr )

in spherical geometry is related to scalar flux in plane geometry by

1 ag7(r, 1)

sp - _
¢$7(r, 1) 2nr O
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Thus if an analytical expression is found for ¢P(r, t), then the flux in infinite
spherical geometry for the corresponding isotropic source at r=0 is obtained by
differentiation.

Because of the spatially localized nature of the source, the solution in plane
(spherical and cylindrical) geometry is known to exhibit a wavefront at x=1¢
resulting from a fixed finite neutron speed (v =1 in this case) [3]. Thus, a natural
polynomial expansion for the scalar flux in plane geometry is

X 1
#x0)= 3 2k +
X 2

=0

Jilt) Py(n) 6(1 — |n|) (3)

where
n=x/t

and P, is the k™ Legendre polynomial with 6 being the Heaviside unit step
function. The moments f, are determined from the orthogonality of the Legendre
polynomials

=] di P) 47,0 )

In this way, neutrons are constrained to always remain behind the wavefront, thus
eliminating the propagation of numerical error ahead of the front. Now substituting
Eq. (3) into (2) yields

1
I e
= (2k+1
< 3 (B5) ot -pem1sa-n ()
k=1

where the expression
d k
@ Pk('l)=1—:—n§ [Pi_1(n)—nPx(n)]

has been used [4]. ¢, is the uncollided contribution given by

—t

bolr, 1) =7 6(1 —n);

and the second term represents the scattered contribution. Because of the symmetry
of ¢

S 1 (1) =0
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and the summation in Egs. (3) and (5) are over even values of k£ only. In the next
section, the Legendre moments f, will be determined in terms of spatial moments to
be obtained explicitly.

3. DETERMINATION OF f;

By expressing P, in its polynomial representation, Eq. (4) becomes

[k/2) ,
Slt)= Z ak,ij—Zj(t)/tk72]+1 (6)

j=0
with

(= 1Y2k—2)
;= 271 (k — j)(k — 2j)!

and where the spatial moments are defined by

M (1) = fw dx x*¢P\(x, 1). 7

The spatial moments can be found analytically by first multiplying Eq. (1) by x*
and integrating over x to give

3} 1 1
EEM"('“’ t)—kuM,_ ((u, 1)+ M (g, t)=§Mk(t)+55k,06(t)

(8)
Mk(ﬂ) 0) =0
where
M 0= (" dxx47(x, g 1)
Then by making the substitution
M (u, t)=e " M(p, 1) 9)
and taking a Laplace transform of Eq. (8), we find
sM(p, 5)—kuM, _ (u, S)=%Mk(5)+%5k,o (10)

with

M, 5)= fo dt e~ M (. t).

581/59/3-9
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Finally, Eq. (10) is solved analytically as a finite difference equation and the result
inverted to give [5]

k

My ()= (2k)(2k — 1) Z Loy (1) (11a)
L (r+ 1) +1)'
with
L 0= fdz' =1yt (11b)
and
1
ko
R
k=1 o (llc)
o Y el et S 1<r<k—1.

= L T

I, , can also be expressed in a closed form; however, for best numerical results the
representation in terms of incomplete 7 functions is preferred

ro(=1)r!
L()y=t+1y ﬁ((r_——)l)r!—t,v(k+l+1, 1) (12)

where
t ‘
y(k, t)=j dr' 1%~ te "
4]

The final result is obtained from Egs. (5), (6), (11), and (12).

4, CYLINDRICAL GEOMETRY

Once the flux in spherical geometry is obtained, the transformation

#7(r, 1) =2 f:’ dz $P(Jr + 22 1) (13)

will give the scalar flux in cylindrical geometry or

e’ 1 2k+1
Y(r, 1) = — — J 14
o= (r 1)—21”2 T mkzz Jilt) Jiln) (14)
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with

Pk('l)

J(n) = j dn' -\/;!_——’1_2

The integral defined in Eq. (15) can be evaluated in closed form for & an even
integer

(15)

[k/2] -1
Jiln)= z bk,ﬂk—zj'—l(ﬂ) (16)

j=0

where
by, =(k—2j)ay,
and where ¢, can be evaluated recursively
q(n=1-n’
2= TP+ 4t

(17)

to complete the determination. J,(n) can also be shown to be proportional to a
polynomial in 52

5. ANISOTROPIC SCATTERING

For general anisotropic scattering, Eq. (1) becomes

J a 1
[Zrum+t]|renna=c X Zop | awpiw)

=0

<7 s 1 0) 43 82) 30, (18)

where the anisotropic scattering kernel has been expanded in terms of Legendre
polynomials and o, is taken as unity. The geometry transfer formulas Egs. (2) and
(13) are valid for this case. Therefore, all results except those for the determination
of M, (t) are applicable for anisotropic scattering. For this case, no convenient
analytical expression for M ,(¢) seems to exist. All is not lost, however, since one
can show that [5]

M (t)=e 't* f Er%)—nﬁ(n, k, 0) (192)
n=0 *
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with B(n, k, I) given recursively by
k!
_—_ym—k =
B0, k, )=2 = DiEm T DI 2m=I+k

(k+n)p(n, k,)=nw,f(n—1,k,1)

2l+1[lﬁ(n k—LI-D)+(+D)pnk—1,1+1)]. (19b)
Equations (19) result from application of the multiple collision formalism to
Eq. (18) and noting that the solution rigorously satisfies the expansion in collided

fluxes
t

o m 0= 3 5

ct)”

F,(u, ) 8(1 —n). (20)

6. RESULTS

The first part of this section is devoted to establishing the credibility of the
proposed expansion. The evaluation of the infinite series in the flux representations
given by Eqgs. (5) and (14) is considered to be “numerically” converged when three
consecutive terms produce a relative error of less than 5x 107>, Also since the
moment reconstruction technique is known to be an ill-condition process in
general, all calculations were performed in CDC double precision arithmetic.

The first comparison is with an independent determination of ¢°° using the mul-
tiple collision method [37]. Table I shows the spherical scalar flux for six positions

TABLE 1

SPHERICAL GEOMETRY C= 1.0000E+00 GCALAR FLUX - ISOTROPIC SOURCE

T/ 1.0000E+00 2.0000E+00 3,0000E+00 4.0000E+0Q) 5.0000E+00 G.0000OE+0Q
EZ e T Y L e Ry e e s Ty R 2y e
1.0000E+00% © Q0. Q. 0. 0.
3.0000E+00% 2Z.2002E-02 1.0187E-02 b 0. Q.
S5.0000E+00%* 1,0350E-02 B6.573BE~03 2.9564E-03 B.5546E-04 >
7.0000E+00% G.2716E-03 4.5417E-03 2.6144E-03 1.1654E-03 3.8287E-04
9.0000E+00% 4,3089E-03 3.3538B8E-03 2.1944E-03 1.1937E-03 5.301GE-04
1.1000€+01%# 3,1916E-03 2.G004E-03 1.84317E~03 1.1274E-03 S.9123E-04
1.3000E+01% 2,48%54E-03 2.0900E-03 1.5B825E-03 1.0350E-03 6.0442E-04
1.5000E+01# 2.0059€-03 1.7263E-03 1.3423E-03 9.4107E-04 §.9284E-04
1,7000E+01% 1.6629E-03 1.4566E-03 1.1670E-(03 8.5397E-04 5.6950E-04
1,9000E+01#* 1.4076E-03 1.2503E-03 1.0256E-03 7.7604E-04 5.4088E-04
2.1000E+01% 1,2115E-03 1.0884E-03 9.0966E~-04 7.0730E-04 5.1071E-04
2.3000E+01% 1,.0570€E~03 9.58%51E-04 8.1396E-04 6.4694E-04 4.B08BE-04
2.5000E+01% 9,3283E-04 8.35232E-04 7,3353E-04 5.89384E-04 4.5229E-04
2.7000E+01% 8,3117E-04 7.8470E-04 B.6536E~04 5.4732E-04 4.2542E-04
2.9000E+01% 7.4872E-04 6.9086E~04 §.0702E~04 5.0615E-04 4.0042E-04
3.1000E+01% 6.7368E~04 6.2834E-04 5.5EEBE~04 4,.6967E-04 3.772B8E-04
3.3000E+01% B.1519E~04 5.74B4E-04 $,1284E-04 4,3720E-04 3.5595E-04
3.5000E+01% 5.6323E-04 5.2816E-04 4.7444E-04 4,0819€-04 3.3830E-04
3.7000E+01+ 5.1820E-04 4.8762E-04 4.4058E~-04 3.8218E-04 3.1820E-04
3.9000E+01% 4,.7886E-04 4.5201E-04 4,10B4E-04 3.5873E-04 3.0152E-04
4.1000E+01% 4.4426E-04 4.2053E-04 3.8375E~04 3.37S5S4E-04 2.8G1iSE-04
4,3000E+01% 4.13B3E-04 3.9254E-04 3.5974E-04 3.1833E-04 2.7195E-04
4.5000E+01% 3.8637E-04 3.6732E-04 3.3B12E-04 3.0083E-04 2.5882E-04

.3429E-05
.BESSE-04
.G21QE-04
.0893E-04
.3430E-04
LAS1AE-04
.4B5BE-04
L4204E-04
.3389E-04
.23B3E-~04
.1225E-04
.002BE~04
.8843€~04
. 768BE~04
.B5Z3E~04
.S424E-04
.4374E~04
.3375E-04
427E~04
L18530E-04

[SESESRSNANSNGNSFARARSEARARARANANANMESE: Kool el
iRl
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1(1)6 from a source at r =0 and for ¢ = 1. A comparison was made with Table II of
Ref. [3], where the values are reported to four significant figures. The digits that
are underlined in the table are in disagreement by one unit in the last place. Except
for positions near the wavefront, the agreement is excellent and within the stated
accuracy. The inaccuracy at the wavefront is expected since, as a rule, polynomial
approximations do not simulate discontinuities to a high degree of accuracy. As a
second confirmation, the corresponding cylindrical source problem was compared
to the multiple collision results which are reported to three-place accuracy [3]. The
results, shown in Table II, are again in excellent agreement except near the
wavefront. The slight reduction in the agreement for the cylindrical source relative
to the spherical source is, in part, a result of the reduced accuracy of the multiple
collision calculation. In addition, since the evaluation in cylindrical geometry
involves an added recursion relation and sum, Egs. (16) and (17), the potential for
round off error accumulation is greater.

A second general comparison was made with the standard diffusion solution in
spherical geometry [3]

—r¥/4D:t

m, D=l/3C

¢%’(r, t)=

with the relative error

£= 14— 431/8"

given in Tables III and IV for ¢ =1 and 0.3, respectively. For both values of c, the
transport theory solution approaches diffusion theory with increasing time as

TABLE II

CYLINDRICAL GEOMETRY C= 1.0000E+00 SCALAR FLUX - ISOTROPIC SOURCE

T/X 1.0000E+00 Z.0000E+00 3.0000E+00 4.0000E+00 S5.0000E+00 B.0000E+00
L2 2R R IR R R R R RS R P a2 IR I S R e Y R T R R T 2
1.0000E+00% bd G. 0. 0. 0. 0.
3.0000E+00# 7.4301E-02 3.1384E-02 © [ 0. 0.
5.0000E+00% 4.6Q05E-02 2.8590E-02 1.23089E-02 3.2B33E-03 . b 0.
7.0000E+00% 3,3257E-02 2,.3833E-02 1.3461E-02 5.8196E-03 1.8184E-03 3.B6204E-03

9.0000E+00* 2.6028E-02 2.0133E-02 1.3033E-02 6.9756E-03 3.0263E~03 1.0Z94E-03
1.1000E+01#% 2.137GE-02 1.,7346E-02 1.2201E-02 7.392BE-03 3.8227E~03 1.8628E-03
1.3000E+01# 1.8133E-02 1.5205E-02 1.1312E-0Z 7.4409E-03 4.3042E-03 2.1729E-03
1,5000E+01% 1.5744E~-02 1.3521E-02 1.047GE-02 7.3064E-03 4.5721E~03 Z.5352E~03
1.7000E+01# 1.3911E~-02 1.2165E-02 9.7187E-03 7.0842E-03 4.5998E-03 Z.82396E-03
1.9000E+01# 1.2460E-02 1.1053E-02 9.0465E~-03 6.8239E-03 4,7367E-03 3.0:193E-02
2,1000E+01# 1.1282E-02 1.0125E-02 8.4493E-03 6.5516E-03 4.7150E-03 3.1447E-03
2.3000E+01* 1.030BE~0Z2 9.3393E-03 7.9191E-03 6.2809E-03 4.6558E-03 3.2219E-03
2.5000E+01#% 9.4B93E-03 8.6659E-03 7.4470E-03 6.0193E-03 4.5731E-03 3.2630E-03
2.7000E+01% 8,7907E-03 8.0825E-03 7.0250E-03 5.7700E-03 4.4761E-03 3.2775E-03
Z.9000E+01# 8.1878E-03 7.5723E-03 B6.6462E-03 5.3346E~03 4.3711E~03 3.2722E~-03
3.1000E+01% 7.8623E-03 7.1224E-03 6.3047E~03 5.3135E-03 4.2B20£-03 3.2523E-02
3.3000E+01% 7.2002E-03 6.722BE-03 5.9955E£-03 5.1082E-03 4.1518E~-03 3.2218E-03
3.5000E+01% 5.7907E-03 6.3654E-03 5.7144E-03 4.9122E-03 4.0423E~-03 3.1836E-03
3.7000E+01% 6.4252E-03 6.0441E-03 5.4579E-03 4.7306E~03 3.9347E~03 3.13899E-03
3.9000E+01% 6.0971E-03 5.7535E-03 5.2230E-03 4.5606E-03 3.8298E-03 3.0924E-03
4.1000E+01% 5.B008E-03 5.4BYSE-03 5.0071E~03 4.4014E-03 3.7281E-03 3.0423E-02
4.3000E+01#% 5.5320E-03 $.2487€-03 4,8080E-03 4,2520E-03 3.6299€~-03 2.9907E-03
4.5000E+01#% 5.2870E-03 5.0280E-03 4.6240E-03 4.1119E-03 3.5352E-03 2.9382E-03
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TABLE 111

SPHERICAL GEOMETRY C=

DIFFUSION COMPARISON

T/X

1.0000E+00 SCALAR FLUX -

ISOTROPIC SOURCE

1.,0000E+00 2.0000E+00 3.0000E+00 4.0000E+00 5.000Q0E+00 6.0000E+00
BRI IR N T 3 I I I I 03I A I B I S SRR R R R

1.0000E+00* hd 0. 0. 0. Q. 0.
5.0000E+00% 1.3236E-01 1.2000E-01 8.35162E-02 1.0B3BE-01 b 0.
9.0000E+00# 7.7543E-02 7.7011E-02 7.002BE-0Z 4.G015E-02 1,4B649E-02 1,5300E-01
1.3000E+01% 5.4851E-02 $5.48681E~02 5.23B5E-02 4.4753E-02 2.6747E~02 9.4722E-03
1.7000E+01% 4.2435€-02 4.2361E-02 4.133GE-02 3.7964E-02 3,.0157E-02 1.4998E~
2.1000E+01® 3.4603E-02 3.4564E-02 3.4021£-0Z 3.2240E-0Z 2.8155E-0Z 2
2.5000E+01# 2.9212E-02 2.91B9E-0Z Z.8869E-02 Z.7B13E-02 2.05407E-02 2.
2.9000E+01% 2,5274E-02 2.52B0E-02 2.5055E-02 Z.4379E~0Z2 Z.2842E-02 1
3.3000E+01% 2,2271E-02 2.22B2E-02 2.2123E-02 2.1665E-02 2.0623E-02 1.BBSOE-OZ
3.7000E+01% 1.9907E-02 1.9900E-02 1.9801E-02 1.9502E-02 1.8739E-02 1.734ZE-02
4,.1000E+01% 1.79896E-02 1.7990E-02 1.7918E-02 1.7687E-0Z 1.7138E-02 1.8113E-0Z2
4.5000E+01+ 1,B420£-02 1.6415E~02 1.GB361E-02 1.61B6E-0Z 1.3773E-02 1.4837E-02
4,.9000E+01% 1.509GE-02 1.5094E~02 1.50052E-02 1.4917€E-02 1.4598E-02 1.3997E-02
S.3000E+01% 1.3971E-02 1.3969E~02Z 1.3936E-02 1.3829€-02 1.3381E-02 1,3104E-02
5.7000E+01% 1.3002E-02 1.2989E~02 1.2974E-02 1.2888E-02 1.2711E-02 1.2230SE-02
5.1000E+01% 1,2156E~02 1.2156E~02 1.2136E-02Z 1.2065E-02 1.1918E-02 1.1593E-02
6.5000E+01% 1.1416E-02 1.1416E~02 1.1397E-02 1.1341E-02 1.1218E-02 1.0951E-02
B.9000E+01% 1,0761E~-02 1.,0781E~02 1.0745E-02 1.0698E~-02 1.0G02E-02 1.037BE-CZ
7.3000E+01% 1.0174E~02 1.0175E~02 1.0184E-02 1.0123E-02 1.0040E-02 9.8379E-03
7.7000E+01% 9.8512E-03 9.BS516E~03 9.B8394E-03 9.60S1E-03 9.533BE-03 ©.84F9E-02
TABLE 1V

SPHERICAL GEOMETRY C= 3.0000E-01

DIFFUSION COMPARISON

T/X

1.0000E+00%
5.0000E+00#
9.0000E+00%
1.3000E+01%
1.7000E+01 %
2.1000E+01%
2.5000E+01#
2.9000E+014
3.3000E+01#
3.7000E+01%
4.1000E+01#
4.5000E+01%
4.9000E+01 %
5.3000E+01 %
5.7000E+01 %
6.1000E+01#
6.S000E+01#
B.9000E+01%
7.3000E+01 %
7.7000E+01%

SCALAR FLUX -

ISOTROPIC SOURCE

1.0000E+00 2.0000E+00 3.0000E+00 4.0000E+00 S.0000E+Q0 B.00Q0E+00
L2 e e S R R g T Ty T T LT T2

3.2303E-01
2.1511E-01
1.6090E~-01
1.2830E-01
1.06864E-01
9.1193E-02
7.9636E-02
7.08B6BE-02
G.3510E-02
3.76BE6E-02
5.2803E-02
4.8698E-02
4,5183E-02
4.2141E-02
3.9482E-02
3.7138E-02
3.5057€-02
3.3198E-02
3.1523e-02

0.
3.3667E-01
2.1838E-01
1.68218E-01
1.2897E-01
1.0700E-01
9.1411E-02
7.8779E-02

0.

3.5593E~-01
2,22B1E-01
1.638SE-01
1.2978E~01
1.0746E~01
9.16897E~-02
7.98967€-02

0.

3.8003E-01
2.26821E~-01
1.6525E~01
1.304BE~01
1.0784E-01
9.1932E-02
8.0122E-02

7.0767E-02 7.0887E-02 7.100SE-02
6.3582E-02 6.3675E-02 B.3753E-02 B.3762E-02
5.778B9E-02 5.7847E-02 5.7854E-02
5.2845E-02 5.28898E-02 5.28943E-02 5.2943E-02

S.7719€E-02

4.8730E-02
4.5208E-02
4.2161E~02
3.9498E-02
3.7152E-02
3.5069E-02
3.320BE-02
3.1532E-02

4.8771E-02
4,5241E-02
4.2188E-02
3.9320E-02
3.7170E-02
3.5084E-02
3.3219€E-02
3.1543E-02

4.8806E~02
4.5268E~02
4.2210E-02
3.9539E-02
3.7185€-02
3.5087€-02
3.3230E-02
3.1552e~02

Q.

m
2.2573E-01
1.8309E~-01
1.3045E-01
1.0785E-01
9.1945E-02
8.0135E-02
7.1016E-02

4.8811E-02
4.3273E-0Z2
4.2214E-02
3.9542E-02
3.7188E-02
3.5099€E-02
3.3232e-02
3.1554E-02

Q.

Q.

2.1887E-01
1.6198E-01
1.,2906E-01
1.0712E-01
9.1517E-02
7.98B2E-02
7.0832e-02
§.3633E-02
5.7760E-02
$.2878E-02
4.8756E-02
4.5230E-02
4.2179E-02
3.8514E-02
3.7165E-02
3.5080E-02
3.3216E-02
3.1540E-02
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required by the Boltzmann H theorem. Also, as expected, the transport theory
solution approaches diffusion theory more rapidly for a medium with reduced
absorption (larger c).

It is also instructive to compare the moment reconstructions with the more
accurate transport (pole) approximation derived by Boffi [6] (see Appendix). A
dramatic improvement over standard diffusion theory is seen from the relative error
shown in Tables V and VI In effect, the pole approximation is almost as accurate
as the transport solution for all but early times (¢ <9).

The final comparison is with the fitted solution obtained in Ref. [1]. The relative
error between the two solutions is presented in Fig. 1. with the fitting parameters
taken from Table IV of Ref. [1]. In general, the agreement is rather poor and
exhibits the same behavior as found in Ref. [1] when the fitted solution was com-
pared to time-dependent ANISN (TDA) results. The large discrepancy at short
times is apparently due to a conceptual error made in Ref. [ 1] regarding the scat-
tered flux contribution. It was assumed that the scattered flux was zero when the
wavefront first reaches a given position (= 1). However, as shown in Ref. [3], a
logarithmic singularity resulting from the divergence associated with spherical
geometry exists at g =1. Thus, the fitted flux was incorrectly forced to zero at the
wavefront producing a large discrepancy when compared to a more exact deter-
mination. The error and eventual divergence at long times is more serious. It is
clear from the comparison that the fitted solution does not approach diffusion
theory as time increases casting serious doubt on the accuracy of this procedure.

TABLE V

SPHERICAL GEOMETRY C= 3.0000E-01 SCALAR FLUX - ISOTROPIC SOURCE
POLE COMPARISON

T/X 1.0000E+00 2.0000E+00 3.0000E+00 4.000Q0E+Q0 5.0000E+00 6.0000E+00
P Ty e s e X S R AN RS TR LN R R T R R Ry S e el
1.0000E+003 © 0. 0. 0. 0. 0.
3.0000E+00% 9.9743E-02 5.7911E-02 ® 0. 0. 0.
5.0000E+00% 2.0218E-02 1.2161E-02 8.3B66E-03 2.76B4E-02 © Q.

7.0000E+00# 5.8171E-03 3.5157E-03 1.6874E-03 2.4B68E-03 B8.8B0BE-03 2.9998E-02
9.0000E+00+ 2,1355E-03 1.2301E-03 S5.4336E-04 3.9160E-04 1.4980E-03 3.9958E-03
1.1000E+01% B.8123E-04 5.4792E-04 2.2784E-04 4.6828E-05 3.B193E-04 1.0292E-03
1.3000€+01% 4.3875E-04 2.4388E-04 4.4065E-05 3.3424E-05 B.4119E-05 3.7536E-04
1.5000E+01% 2.0342E-04 1.4075E-04 B5.5025E-05 2.3513E-07 5.1710E-05 1.4645E-04
1.7000E+01% 1.5S09E-04 8.6761E-05 1.9691E-05 5.58989E-06 2.0081E-05 8.10889E-05
1.9000E+01%* 5.3608E~05 S5.5B62BE~05 1.5208E-05 4.0870E-06 6.B016E-06 4.3811E-03
2.1000E+01# 4.5778E-05 3.1373E~05 1.18921E-05 2.4855E-06 2.3677E-06 2.4144E-05
2.3000E+01# 3.1688E-05 2.1468£-05 9.4135E-06 8.5619€-07 3.7480E-05 1.,3708E-05
2.5000E+01# 2.2840E-05 1.5327E-05 6.7818E-06 1.2194E-06 9.1096E-07 9.1520E-06
2.7000E+01% 1.8B40B6E-05 1.2334E-05 5.1035E-06 1.0325E-06 8.77789E~07 6.254BE-06
2.9000E+01% 1.3358E-05 9.1223E-06 4.1316E-06 9.1157E-07 1.0544E-06 4.3640E-06
3.1000E+01% 9.9235E-06 6.8827E-06 3.2725E-06 7.5414E-07 B.2197E-07 3.2B96E~08
3.3000E+01# 7.5159E-06 5.2B1SE-0B8 2.6132E-06 7.1803E-07 &.8539E-07 2.3153E-06
3.5000E+01# S.6924E-06 4.04B5E-06 2.0998E-06 6.5581E~07 4.8679E-07 1.8085E-06
3.7000E+01% 4.4969E-08 3.2271E-06 1.B980E-06 5.8268E-07 4.3034E~07 1.5215E-08
3.8000E+01% 3.3848E-06 2.5957E-06 1.3890E-08 5.1420E-07 3.8571E-07 1.0073E-06
4.1000E+01% 2.8723E-06 2.0965E-06 1.154BE-06 4.5043E-07 3.1006E~-07 8.450BE~07
4.3000E+01% Z2.3854E-08 1.7558E~-08 9.4627E-07 3.B8907E-07 2.7103E-07 7.5126E-07
4,.5000E+01% 1.9522E-06 1.4472E-06 8.2788E-07 3.2517E-07 2.3832E-07 5.0779€-07
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TABLE VI

CYLINDRICAL GEOMETRY C= 3.0000E-01 GSCALAR FLUX - ISOTRCPIC SOURCE
POLE COMPARISON

T/X 1.0000E+00 Z.0000E+00 3.0000E+0Q0C 4.0000E+00 5.0000E+00 B.0000E+00
EE 2 Yy T Ly Y Ly L T e
1.0000E+00% ® 0. 0. 0. Q. 0.
3.0000E+00%# 2.9586E-0Z 2.7184E-02 ® 0. Q. 0.
S5.0000E+00% 4.9675E-03 2.0126E-03-3.945ZE~03 3.0123E-02 ® Q.

7.0000£+00% 3.4838E-04 B.3291E-04 1.2184E-03 3.9488E-04 3.928GE-03 2.2974E~-02
9.0000E+00# S.7703E-04 9.5634E-04 1.36833E~03 1.6092E-03 1.524BE-03 1.8551E~02
1.1000E+01# 6.5916E-04 9.0684E-04 1.1358E-03 1.3361E~03 1.5812E-03 Z.0930E~-03
1.3000E+01% 5.933TE-04 7.2810€-04 B.7539E~04 1.0278E-03 1.2295E-03 1.G0O0BE-03
1.3000E+01# 3.0757E-04 5.768BE-04 6.6770E-04 7.8827E-04 9.4477E-04 1.1837E-03
1.7000E+01#% 4.3045E-04 4.7656E-04 S5.3727E~04 B6.2094E-04 7.3373E-04 9.12B65E-0G4
1.9000E+01% 3.B8653E-04 3.8724E-04 4.4566E~-04 S.0217E-04 S5.8654E-04 7.1453E-04
2.1000E+01# 3.1459E-04 3.3634E-04 3.7020E~04 4.1500E-04 4.7B43E-04 5.708B8E-04
2.3000E+01% 2.7238BE-04 2.8844E-04 3.1411E~-04 3.4950E-04 3.9791E-04 4.6878E-04
2.5000E+01% 2.3B32E-04 2.5012E-04 2.700BE-04 2.9803E-04 3.3613E-04 3.31G3E-04
2.7000E+01% Z2.0961E-04 2.1904E-04 2.348B0E-04 2.5725E-04 2.8797E-04 3.31894E-04
Z.9000E+01% 1.8573E-04 1.8336E-04 2.0610E-04 2.2437E-04 2.4951E-04 Z.8493E-04
3.1000E+Q1%# 1.B558E-04 1.7194E-04 1.8242E-04 1.9743E-04 2.18B289E-04 Z.4724E-04
3.3000E+01# 1.4861E-04 1,5384E-04 1.62B83E-04 1.75S05E-04 1.9258E-04 2.1B856E-04
3.5000E+01# 1.3411E-04 1.3850E-04 1.4588E-04 1.5BS3E-04 1.7115E-04 1.9123E-04
3.7000E+01% 1.2162E-04 1.2534E-04 1.3162E-04 1.4068E-04 1.5310E-04 1,70Q07E-04
3.9000E+01% 1,1079E-04 1.1397E-04 1.18935E-04 1.Z713E-04 1.3652E-04 1.5220E-04
4.1000E+0t# 1.0135E-04 1.0408E-04 1.0872E-04 1.1544E-04 1.2488E-04 1.3694E-04
4.3000E+01% 9.2984E-05 9.5389E-05 9.8457€-05 1.0528E-04 1.1329€-04 1.2380E-04
4.5000E+01% 8.3673E-05 8.77B7E-05 9.134GE-05 9.B8417E-05 1.033BE-04 1,1Z275E-04
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FiG. 1. Relative error in comparison with Ref. [1] (¢xs) for positions r=3(—) and 6(——-) for
c=0.3.
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The claim in Ref. [ 1] that the fitted solution is more accurate than either the TDA

or Monte Carlo solutions is apparently not true.
The figure sequence Figs. 2a and b is a demonstration of the moment expansion

for linearly anisotropic scattering
a)o = 1

lo <3 w,=0,122

o) = -0.3
0.06 —
2
Z 0.04 =
a
@
-
-
0.02—
0.00
0
a
t
'\ Yy = -0.3
0.004 i'\ ------ = 0.0
i \ ———— = 0.3
[
I \
0.003 e
D
-
a”
@
©  0.002
0.001
O'OOOTIIITIllﬁrTIlﬁr‘['l_lllltll
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b t

FiG. 2(a). Scalar flux in spherical geometry for linearly anisotropic scattering r=1 and c=1.
(b) Scalar flux in spherical geometry for linearly anisotropic scattering for r =3 and ¢=1.
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and ¢ = 1. The restriction on , is required in order to retain the nonnegativity of
the scattering differential cross section. To the author’s knowledge, these results are
the first semi-analytical results to appear in the literature where both time depen-
dence and anisotropic scattering have been considered. Quantitatively, the results
seem correct in that the less forward peaked the scattering cross section is the
longer it takes for the bulk of the neutrons to pass a given spatial position.
Tables VII and VIII give the relative error between the exact solution and diffusion
theory with the transport corrected diffusion coefficient given by

1

D=
3C(1 "_(01)

As required from theory, the exact solution still approaches diffusion theory with
increasing time although at a slower rate than for the isotropic scattering case.

7. CONCLUSION

A new polynomial expansion for the solution of the time-dependent
monoenergetic neutron transport equation in infinite geometry has been proposed
and verified. The solution is represented as a summation over moments which can
be determined in closed form thus allowing accurate numerical evaluation. The
solution representation also allows generalization to anisotropic scattering by using
moments determined from muiltiple collision theory. The solution does possess
several shortcomings, however. Near a flux discontinuity (wavefront) many terms
in the expansion are required for high (four places) accuracy. As a result, round off
error accumulation eventually will render the solution very near the wavefront
useless. This difficulty is inherent in any moments reconstruction algorithm since it
is at best a marginally numerically stable technique where high quality information
{#(r, )] is inferred from the lower quality information contained by the moments.
Methods are currently being investigated to increase the stability of the reconstruc-
tion. In addition, a similar reconstruction has been developed for the angular flux in
infinite plane geometry resulting from both a localized pulsed isotropic and beam
source. A knowledge of the Greens function (beam source) will then allow the
numerical evalution of solutions in finite geometry which will be the subject of a
future article.

APPENDIX

V. C. Boffi, in a very comprehensive treatment of the time-dependent transport
equation in plane geometry using transforms [6], evaluated the pole portion of the
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TABLE VII

SPHERICAL GEOMETRY C= 1.0000E+00 SCALAR FLUX -

ANISOTROPIC SCATTRERING wy =-0.3

T/X

1.0000E+Q0%*
3.0000E+00*
5.00Q0E+Q0*
7.0000E+00%
9.0000E+003#
1.1000E+01%
1.3000E+01 %
1.5000E+01#
1.7000E+01%
1.9000E+01%
2.1000E+01 %
2.3000E+01+#
2.5000E+01 %
2.7000E+01 %
2.9000E+01%
3.1000E+01#
3.3000E+01%
3.5000E+01#
3.7000E+01#
3.9000E+01 %
4.1000E+01#
4,3000E+01%

ISOTROPIC SOURCE

1.0000E+00 2.0000E+00 3.0000E+00 4.0000E+00 5.0000E+00
Ty Ty e T e e I Tt e e S a2 2 T )

2.2409E-01
1.6942E-01
1.34B5E-01
1.1144E-01
9.4954E-02
8.2882E~02
7.3202E-02
6.5663E-02
5.9524E-02
S.4434E-02
S5.0144E-02
4.6476E~02
4,3311E-02
4,0549€E-02
3.8114E-02
3.5958E-02
3.4029€E-02
3.2300E-02
3.0734E-02
2.89317E-02
2.8020E-02

0.

3.8011E-02
9.8050€E-02
8.4115€E-02
8.5547E-02
7.694B6E-02
6.9420E-02
6.3027E-02
5.7602E-02
5.2980E-02
4.9014E-02
4.55BOE-02
4,2584E-02
3.9948E-02
3.7615E-02
3.5533E~02
3.,3669E~02
3,18985E-02
3.0464E-02
2.9075E-02
2.7811E-02
2,.6648E-02

0.

4.3720E~02
2.2656E-02
4.1182E-02
4.6486E-02
4.7136E-02
4.5983E-02
4.4136E-02
4.2067E-02
3.8988E-02
3.7989E-02
3.6125E-02
3.4391E-02
3.2787E-02
3.1274E-02
2,9884E-02
2.B614E-02
2.7428E-02
2.6333E-02
2,5321E~02
2.4377E~02

0.

0.

3.1000E-01
8.9032E-02
2.4213E-02
2.70B0E~03
1.5516E~02
2.1976E-02
2.5237E~02
2.8791E~02
2.7372E-02
2.7388E-02
2.7073E-02
2.6565E-02
2.5946E-02
2.5273e-02
2.4571E-02
2.3869E-02
2.3178E-02
2.2508E~-02
2.1858E~-02
2,1236E-02

Q.

0.

2.B6660E-01
1.163BE-01
5.B6220E-02
2.611BE-0Z
9.2415E-03
8.4210E-04
7.1500E-03
1.1191E-02
1.3780E-02
1.5496E-02
1.6589E-02
1.7258E-02
1.7632E-02
1.7799E-02
1.7823E-02
1.7744E-02
1.7589E-02
1.7387E~02
1.7144E~02

TABLE VIII

SPHERICAL GEOMETRY C=

ANISOTROPIC SCATTRERING w, =+0.3

T/X

1.0000E+00%
3.0000E+00#*
5.0000E+004+
7.0000E+00*
9.0000E+00%
1.1000E+01 3
1.3000E+01 %
1.5000E+01 #
1.7000E+01%
1.9000E+01 %
2,1000E+01%
2.3000E+01#
2.,5000E+01%
2,7000E+01#
2.8000E+01#
3.1000E+01%
3.3000E+01%
3.5000E+01#
3.7000E+01%
3.9000E+01%
4,1000E+01#%
4.3000E+01 %
4,.3000E+01%

1.0000E+00 SCALAR FLUX -

ISOTROPIC SOURCE

1.0000E+00 2.0000E+00 3.0000E+00 4,0000E+00 5.0000E+00
LA n T et 2 At e e e E T Y T T Y T T R

2.8730E-02

0.
3.6778E-01

0.

3.4504E-0Z 9.8080E-02 2.3794E-01

3.1124E-02
2.4904E-02
2.0283E-02
1.7019E-02
1.4647E-02
1.2858E~-02
1.1481E-02
1.034ZE-02
9.4230E-03
8.6557E-03
B.0045E-03
7.4453E-03
6.9592E-03
6.5332E-03
6.1570E~03
5.8209E-03
5.5206E-03
5.2%03E-03
5.0037E-03
5.0037E-03

3.1396E~02
1.1218E-02

1.1243E-01
6.116BE-02

0.
O.
2.3211E-01
1.7506E-01
1.0961E-01

Q.
0.
1.4512E-01
1.3223E-01

3.3224E-03 3,7139E-02 7.3026E-02 9.9125E-02

3.4455E-04
2,22B63E-03
3.2410E-03
3.7935€E-03
4.0834E-03
4.2183E-03
4,25B4E-03
4.2407E~03
4.1866E-03
4.1110E-03
4,021BE~03
3.9260E-03
3.8262E-03
3.7262E~03
3.8274E~-03
3.5293E-03
3.5293e-03

2.4121E-02
1.6320E-02

5.1485E-0Z
3.7816E-02

7.4834E-02
5.7823E-02

1.1312E-02 2.8622E-0Z 4.5658E~02

7.89336E-03
5.56896E~03
3.8665E-03
2.611BE-03
1.6696E~03
8.5163E-04
3.9761E~04
3.4374E-05
3.73G4E-04
6.4223E-04
8.5531E-04
1.0255E-03
1.1617E-03
1.1617E-03

2.21B1E-02
1.74B83E-02
1.3954E~02
1.1273E-02
9.1861E-03
7.5368E-03
6.2101E-03
5.1363E~03
4.2532E-03
3.5239E-03
2.9139€E-03
2.40196~03
1.9682E-03
1.9682E-03

3.B8722E-02
2.9996E-02
Z2.4825E-02
2.077%E-02
1.75352E-02
1.4852E-02
1.2826E-02
1.107SE-02
9.6085E~03
8.3784E-03
7.3530E-03
6.4480E~03
5.6855E-03
S.B855E-03

481
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TABLE A
a,=035 ag = 0075804
,=0099107 a, =0017411
ay=0.1 a0 =0.032305
a, =0027723 ay, = 0.008075
as=0010714 a1, = 0.001395
ag=00125 ay5=0.000357

a,=0.031141

transport solution, representing the long time behavior, to a high degree of
accuracy

— x%/4Dt

pl = —(L—c)t
Prx )= (4 D1)'?

5 6(x, 1)
where

Ex, )=1+a,/ct

+ [a; —as(cx 3)]() [as—as(cxy/3)*]
+ [06(cx\/_) ]( t)3+[ a7+a8(cxf —ag(cx\/_

- [—a10+al,(cx\/§)2+a12(cx\/3_)4+ 014(075\/5)6]

+0((ct) %)

( t)“

The values of the constants g, are given in Table A. Then applying the geometrical
tranformations given by Egs. (2) and (13) gives:

¢sp(r ) e U- (314 ?r2/4Dl [é__z_D_tié_:'

(4n Dt)3/2 r o dr
—(1—c¢)t

e
Y(p. )=
97, 1) 4rn Dt

e 1P {1 4 a,/ct + ayf(ct)?

~ ag/(ct)® —az/(c)* + ayof(ct)’ + 3c*[ —a,/(ct)* + as/(ct)’
~ ag/(ct)* —ay /(ct)’ T I, — 9c*[aq/(ct)® + ao/(ct)*

+ ay/(ct)®] I, —27c%[a/(ct)®] I} + 2Dt{3c*[ —as/(ct)?
+ as/(ct)® + ag/(ct)* —ay/(ct)*] — 36¢c*[ag/(ct)?

+ ao/(ct)* +a/(ct)’ ] I, — 162c¢%[a,,/(ct)’] 1, } ]
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Ly=e "“’”W
I, =I,[r*+2Dt]
=I,[r* +4n Dr’t + 12D%*?]
I, =I,[r® + 6Dtr* + 36D%t*r? + 120D313].
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